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Outline

@ Contractivity under a mixed probability distance

Motivations

o Contractivity under the L'-Wasserstein distance

@ Error bound between invariant probability measures

This talk is based on a joint work with Mateusz B. Majka and Jian Wang.
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Motivations

e An SDE:
dXt = b(Xt) dt + O'(Xt) th

@ Advantage of EM: simplest and succinctest;

@ Drawback of EM: linear growth;
e Variants of EM (global dissipativity+synchrous coupling):
» Backward EM: Higham et al.'02; dos Reis, et al.’23, ---;
» Tamed EM: Hutzenthaler, et al.’12, Kumar et al.’22, Sabanis’'16, ---;
» Truncated EM: Mao'l5; Li, et al.’24, ---;
» Adaptive EM: Fang-Giles'20; Reisinger-Stockinger'22, - - -
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Motivations

Long-time analysis of EM for SDEs with partial dissipativity+ linear growth:

o Eberle & Majka'l9: SDEs driven by BMs;

@ Huang & Majka & Wang'22: SDEs with general noises;

o Liu & Majka & Monmarché’23: synchronous coupling+L?-Wasserstein
contraction;

@ Schuh & Whalley'24: kinetic Langevin samplers+mixed coupling;

@ Durmus, et al.’21: non-asymptotic bounds+weighted Wasserstein dis-

tance+discrete sticky coupling;
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Modified Euler scheme

e SDE with additive noise:
dX; = b(Xy) dt + dW;.
@ A modified Euler scheme:
Xgn+1)5 = 70 (X)5) + 00 (7 O(X05))6 + AW,s,

where
» b0 (z) —b(x)| = 0as § — 0;

» 700 RY 5 RY st
|7 (2) = 7 (y)| < |z —yl. (1)
@ The modified Euler scheme:

1
an+1)5 = n(® (Xgé) +b (W(é) (Xfus))fs + 028041
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Technical assumptions

Assume that
(Hi) 3R,Cr,Kr>1,0€(0,%), and & € (0,1] s.t. for § € (0, ]
b (7 () = b (7D ()]
< (CRlizepmingyenny + Ko Tengiopengy) v — vl;
(H,) for R > 0 above, 3 K} > 0 s.t. for all § € (0,4¢], and z,y € R? with
x € By or y € B,
(1O (2) =7 (), 0D (7D (2)) = b (7D (y)))

< —Kj|nO(z) — 7O (y)|*.

a0 (Tianjin University) Exponential contractivity of modified Euler sc



Example: the classical Euler scheme

@ Assume that
(B1) 3an L >0 s.t.
b(z) — b(y)| < Llz —yl;

(B2) 3R>0and Kg > 0s.t. for all 2,y € R? with 2 € B} or y € BS,
(& —y,b(x) = b(y)) < —Kglz —y[*.
@ The Euler scheme:
X€n+1)6 = XD5 +b(X05)0 + 5%fn+1-

o Take 709 (z) =z and b°(z) = b(x).
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Example: the tamed Euler scheme

@ Assume that
(Ay) 3Ly, Ly >0and* >0s.t.

[b(x) — b(y)| < La( Tty e —yl,
[b@)yl"” = b()lal” | < La(L+ el + |yl + 2"yl )z — yl;

(As) 3 L3, Ly, Ls >0and R>0s.t. for z,y € R with x € B or y € BS,

(@ —y.b(x) = b(y)) < —Ls(1+ ]z + |y )|z —y|?,
(x—y,b(@)ly" —by)|=")

§ (L4(1+ ‘.’E|l* l*)7L5‘ZL' : l*) $7y|2
Th d Euler scheme: X0 = X0 4 WX 4
o lhe tamed Euler scheme: X )5 = X5 + W + zan

e The double well potential: b(z) := —VU (z) with U(z) = 1|z[*—3|z|*.
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Example: the truncated Euler scheme

@ Assume that
(Cy) for any r > 0, 3 a strictly increasing and continuous function ¢ : R, —

R, s.t. for all z,y € B,,
b(z) —b(y)| < @(r)lz —yl;
(C2) 3R, Kp > 0st. for z,y € R with z € B or y € BS,
(@ —y,bx) —b(y)) < —Kgle —y|*.
@ The truncation mapping: for 6 € (0, %)
7O (z) = (lal A o™ (7)) e ups0y.
@ The truncated Euler scheme:

1
X€n+1)5 = mO(X05) + b(m D (X5))8 + 62&n41.
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Contractivity under a mixed probability distance

Theorem

Assume (1), (H;) and (Hg). Then, for any § € (0,d5], 3A € (0,1) s.t.

W, (Lyse, Liiy

Xiv(sz’ ) < e_)\nép(l‘ay)v n > 0.

@ The cost function p(z,y) = alfj,_y>0y + f(Jz — y|) with
fr)=1—e“" + e 2Bor >0,

e A e (0,1) is explicit.
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Refined basic coupling

dg 122 lz=af?
Ve (dz 2m) 2 e” 2 Ae” T 2
e Set p(x,z) := V((fz)) — &n ( Alz‘z ) € (0,1].

(277)_%6_7
° ({12)H = (1 A ﬁ)xl{m#o}
o Define the iteration: for 225 = )?fus - ff& with )?z(; = O(X%) +

O (rO(X75))d,
> 1
Xlnrnys = Xps +02nt

~ 1 1,5
Y(fz+1)5 =Y+ 55{(§n+1 +672(Zp5) )1

F(Enp1 — 6 2(Z55),)

{Un+1§%9(*57% (Z35)m&nt1)}

[N

x1 . N _
{(2p(=07 2 (23 ) 1) <Uns1 <L (p(—67 2 (28 3) n ) +0(8 2 (28 ) Ens 1))}

\+£n+11

(L (p(=072(Z8 )bt 1) 40(6™ 2 (20 5)nsn 1)) <Uni1<1} }
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A key lemma

Lemma

Assume (1), (H;) and (Hgy). Then, for any 6 € (0,d;),

E(1X55 = Yosl| (Xaerysr Yoo1)s)) = 1 X015 = Yioo1)sl

< (CR(SIHX‘S . 5_}/(‘; 1)6|<2R}
5 5
KRM{\X(n S (n71)5|>2R}) [ X(n—1)s = Y(n—1)s-

Moreover, in case of|X?n_1) - Y(fz—1)5| <k/(1+Cpg),

1
E(Lixs, v | (X Yonys)) = 57 (k6™ 2)

[\)

Remark: k = 0o = %J((S*%(l + Cp)lz —yl); J(r) = infjy <, vu(RY).
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Contractivity under the L!-Wasserstein distance

@ Assume that

(H{) 3R,Cr,Kr>1,0€(0,%), and & € (0,1] s.t. for any § € (0, &),

6 () — b (y)| < (CrLizeBr)n{yeBn)

+ KR570I{weBg}u{yer%}) |z —yl;
(H,) 3K} > 0s.t. forall § € (0,6], and z,y € R? with « € B, or y € B,
(@ =y, b (2) = b (y)) < ~Kplr —yf”.

@ A modified Euler scheme:

1
stn+1)5 = X025+ b1 (X35)0 + 02&n41.
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Contractivity under the L!-Wasserstein distance

Theorem

Under (H)) and (H5), 3 C >0 and X € (0,1) s.t. for all 6 € (0,55],

W, (Lyoar L

—Ané

@ An essential ingredient: as 6 — 0,
| (7 () + 0 (7 (2))6 — (x° () + b (x°())6) — (= — y)| = 0.

@ The truncation mapping:

1 _ —
(@) = o (lal A 9™ 07)aLapso)-
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Coupling by reflection

o Consider the recursion: for any §, k* > 0 and integer n > 0,

v 1
X€n+1)5 = X025 +026n11

. 1 1, A
Ve, = Vi 03 { (€nnr + 073 (Z0) )1

—i—H()?‘S - ?T?>£n+11

n

{Uns1<p(=8" 3 (Z8) e 1)}
{(p(—é_% (22)/1* 7£n+1)§Un+1§1} } '
@ Intuition:

» Basic coupling: v dz).

» Coupling by reflection: the remaining mass.

sdas
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Error bound between invariant probability measures

@ Assume that
(Al) = Ll,LQ >0 and [* >0 s.t.
b(z) = b(y)] < L1(1+ |2 + |y") |z —yl, (2)
b(@)yl" = bz | < La(1+[|” + |yl" + |2l ")z — yl;
(As) 3 L3, Ly, Ls >0and R>0s.t. for z,y € R with x € B or y € BS,
(x—y,b(@) —by) < —Ls(1+ =" + [yl )z —y®  (3)
(x —y,b(@)|y" —by)|="")
< (La(1+ |2 + ")~ Ll |y ) |z — y|*.

@ The tamed Euler scheme:

5 b(X05)0

FY . 1
Xnnys = Xns ¥ T 5750 7 X[ + 02641
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Error bound between invariant probability measures

Theorem

Under (A1) and (Ag), 3 C > 0 s.t. for all § € (0,55,

where 0 € (0,1/2), 7 € 21(R?) and n® € 221(R?) stand respectively for

the unique invariant probability measures of (X¢):>o and (Xg(;)nzo-

W1 (77, 71'6) < s,

@ Via the triangle inequality,

W, (7r,7r6) < W, (”gX:zr&’ng(;) + W, <$X26’$X2’50>
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Asymptotic coupling by reflection (Wang'15)

Consider the coupled SDE: for any ¢,¢ > 0,

=

dX; = b(X;) dt + he(|Z¢)dW + (1 — h5(|7t\)2) 2 dB;y,

N|=

dY, = b (Y (1/6)6) dt + T1(Z ) he (| Z4])dW, + (1= ho(1Z4])*)? dBy,
where

o 7y =X, Yy

o (Wy)i>0 and (Bi)i>0: mutually independent Brownian motions;

@ The truncation function:
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Asymptotic coupling by reflection

Proposition

Under (2) and (3), 3 Ci, Ay > 0 s.t.

nd
W1 (Lo, Zysp) < 0*/0 e M IE[H(Y,) — b (V| 4/6)5)] ds,

v
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Further remarks

@ SDEs driven by stable noises:

—Asno
Wp(gxig’gxgby) <e “"p(z,y), n=0.

and

—Asnd
Wi (Lyss, Lysy) < Ce™ "z —y|.
@ Interacting particle systems.

@ Kinetic Langevin samplers.

@ More applications on sampling.
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